Gradient Descent

miny f (X)

Gradient descent
Di! erentiable f :

Subgradient metho

Subdl! erentiablef : g ! 'f (Xt 1)

Xt = X1 1 tG



Proximal Point Algorithm

Subgradient Method : Equivalent formulatic

Subdl! erentiablef : g ! ' f (X1 1)

. 1
X; =argmin "X, g#+ 2T$x %X 1P
X t

Proximal Point Algorithm
Subdl! erentiable f

. 1
X; =argmin  f (X)+ =—Ix" X 1!°
X 2lt




Proximal Point Algorithm

min, f (xX)+ | ()

Proximal Gradient Descen

Subdl! erentiablef : g ! 'f (Xt 1)
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Xy =argmin "X, gi#+ | (X) + 2T$X %Xt 1$°
X t
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=arg m)i(n "l (X)) + §$X % (i1 1 %" 10)$°

=prox( X¢1 1 %" g |"t#)

prox(ulh) := argmin {h(x) + Z!x" u!*?}
X




Proximal Operator: L1

min, f (x)+ ! (X)

L1 Regularization : ¥(X)

prox(u| €| - 1) = FFo(u)
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Proximal Operator: trace norm
miny f (X') 4+ (X )

Trace Norm Regularization : ¥(X ) =CIX!,, =C ; gj(X)

J

STe("1(Y)) 0
prox(Y|' || alx) = U# céOV
0 ST (" a(Y))

whereY = U! V



Convergence of Proximal GD
miny f (X ) 4+ (X))

= prox( Xea 1 — egef! ")
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NesterovOs Acceleration

miny f (X ) 4+ (X))
Nesterov Accelerated Gradient

f !-smooth. Set s; = 1 and n = Set

Yo. lterate:

1
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¥ g €"f(yt)
¥ Xt = prox(Yr — ng|n#)
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NesterovOs Acceleration

f 1-smooth. Set s; = 1 and n = % Set

Yo. lterate:

¥gc"f(n)
¥ Xy = prox(Yir — nG|n#)
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St! 1

¥ Y =Xt + Stt!ﬂ (Xt —Xt1 1)

Accelerate
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NesterovOs Acceleration

min, = Z (QTQZZ L)%+ N0
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Stochastic Gradient

We want to minimizée
!

i lrlngl% L(0) :=E|l (2)

Due to practical constraints, samples only coom
by one, each at a timd, and cannot be stored Only
previous parameter Is stored. We use a double
approximation

EII(!,Z)]! I(',z)
| l(!t_l,Zt)—I—"# l(!t_l,Zt),! N

10



Stochastic Gradient

To approximate the minimization of
|

i !r!niF?p Efl, (Z2)]

we use the approximated problem, only valid around th:
previous Iterate

. 1
lcr=argmin " (Vg 1, 2), 0#+ —8 11 1 %0
1 RP 2"
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SG (ho regularization)

min L(0) == E[l1 (Z)

Stochastic Gradient Method (regularization)

Set ! 9 and sequence "{. Repeat:

Samplez; ~ P(2).

Compute subgradientg; € ! 4l (", z)

1! 11
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SG (regularization)

We want to minimize now:

min Ly (1) := EI(2)]+ 1 ()

Stochastic Gradient Method (regularization)
Set ! o and sequence ";. Repeat:
Samplez; ~ P(Z).
Compute subgradientg: € ! ¢l (", z)

Update I, = prOX( Ly 1] "tgt ‘ | t#)




Polynomial Averaging

Stochastic Gradient Method (regularization)
Set ! o and sequence ";. Repeat:
Samplez; ~ P(Z).
Compute subgradientg: € ! ¢l (", z)

Update I, = prOX( Ly 1] "tgt ‘ | t#)
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Batch Methods

¥SGMethods have several drawbacks, chief among
them is the choice of a stepsize.

¥Is there a setting where this can be mitigated? Yes,
when the expectation Is in fact a large sum:

min L (1) = E[L (2)]+ ! (1)
|
min EZz(! i)+ ()

TR 1L
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Batch Methods

¥\e would like to have the benefits of SGM (low cost
per iteration) without the disadvantages (slow
convergence near optimum, step size selection)

Gradient Descent "~ ——

16 source: https://wikidocs.net/3413



https://wikidocs.net/3413

Batch Methods
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Three Methods

Morimal methods

¥ Stochastic Average Gradient (A) descent, SAG(A)Le Roux et
al., 2012, Schmidt et al., 2013, Defazio et al., 2014)

¥ Stochastic Variance Reduced Gradient descentSVRG
(Johnson and Zhang, 2013, Xiao and Zhang, 2014)

¥ual methods (see Fenchel duality)

¥ Stochastic Dual Coordinate ascent SDCA (Shalev-Shwartz a
Zhang, 2013a)
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